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Existence and uniqueness of fixed point for
ordered contraction type operator in Banach
Space
Jinxiu Mao and Zengqin Zhao
Abstract. In this paper, we investigate the existence and uniqueness of
fixed point for partially ordered contraction type operators in Banach
Space. We also present applications to integral and differential equa-
tions.
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1. Introduction
Existence of fixed points for contraction type maps in partially ordered metric
space has been considered recently in [6]-[11], where some applications to
matrix equation, ordinary differential equations and integral equations are
presented, see [12]-[18]. The following generalization of Banach’s contraction
principle is due to Geraghty [21].
Let ζ denotes the class of those functions β : [0,∞) → [0, 1) which
satisfy the condition
β(tn)→ 1⇒ tn → 0. (1.1)
Theorem 1.1. Let (M, d) be a complete metric space and let f :M →M be
a map. Suppose there exists β ∈ ζ such that for each x, y ∈M ,
d(f(x), f(y)) ≤ β(d(x, y))d(x, y). (1.2)
Then f has a unique fixed point z ∈M , and {fn(x)} converges to z, for each
x ∈M .
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In [19], J. Harjani and K. Sadarangani studied fixed point theorems for
weakly contractive mappings in partially ordered sets. Very recently, Amini-
Harandi and Emami [20] proved the following existence theorem which is a
version of Theorem 1.1 in the context of partially ordered complete metric
spaces and a generalization of results in [19]:
Theorem 1.2. Let (M,) be a partially ordered set and suppose that there
exists a metric d in M such that (M, d) is a complete metric space. Let
f : M →M be an increasing map such that there exists an element x0 ∈ M
with x0  f(x0). Suppose that there exists β ∈ ζ such that
d(f(x), f(y)) ≤ β(d(x, y))d(x, y), x, y ∈M, y  x. (1.3)
Assume that either f is continuous or M is such that
if an increasing sequence {xn} → x in M, then xn  x, ∀n.
Besides, if
for each x, y ∈M, there exists z ∈M,which is comparable to xand y.
Then f has a unique fixed point.
In this paper, we generalize Theorem 1.2 from three aspects. Firstly,
the contraction condition (2.1) is merely about partial order, while in (1.3)
the contraction is about metric and β : [0,∞) → [0, 1). The major difficult
brought by (2.1) is that in (2.6) the contraction constant Nf(‖ u − v ‖)
may bigger than 1, as the normal constant N of a cone is bigger than 1, see
[22] in Lemma 2.1. Secondly, we do not need continuity or the equivalent
condition of the operator as in [8]-[20]. Thirdly, we don’t need any upper or
lower solution as in [8]-[20]. Our methods are different from that in [20]. In
Section 3, an application to an integral equation is given.
Let us recall some preliminaries first.
Definition 1.3 ([1]). Let E be a real Banach space. A nonempty convex closed
set P ⊂ E is called a cone if
(i) x ∈ P, λ ≥ 0⇒ λx ∈ P ;
(ii) x ∈ P, −x ∈ P ⇒ x = θ, θ is the zero element in E.
In the case that P is a given cone in a real Banach space (E, ‖ . ‖),
a partial order ”≤” can be induced on E by x ≤ y ⇔ y − x ∈ P. The
cone P is called normal if there exists a constant N > 0, such that for all
x, y ∈ E, θ ≤ x ≤ y implies that ‖ x ‖≤ N ‖ y ‖. The minimal such number
N is called the normal constant of P . Details about cones and fixed point of
operators can be found in [1]-[5].
Lemma 1.4 ([1]). A cone P is normal if and only if there exists a norm ‖ . ‖1
in E which is equivalent to ‖ . ‖ such that for any θ ≤ x ≤ y, ‖ x ‖1≤‖ y ‖1,
i,e., ‖ . ‖1 is monotone. The equivalence of ‖ . ‖ and ‖ . ‖1 means that there
exist M > m > 0 such that m ‖ . ‖1≤‖ . ‖≤M ‖ . ‖1.
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Lemma 1.5 ([1]). Let P be a normal cone in a real Banach space E. Suppose
that {xn} is a monotone sequence which has a subsequence {xni} converging
to x∗, then {xn} also converges to x
∗. Moreover, if {xn} is an increasing
sequence, then {xn} ≤ x
∗(n = 1, 2, 3, ...); if {xn} is a decreasing sequence,
then x∗ ≤ {xn}(n = 1, 2, 3, ...).
2. Main results
We suppose that E is an partially ordered Banach space. P is a normal cone
and the normal constant is N . The partial order ”≤” on E is induced by the
cone P .
Theorem 2.1 (Main Theorem). Suppose that A : E → E is a decreasing
operator and satisfies the following ordered contraction type condition:
(H) There exists an increasing function f : (0,+∞)→ (0, 1) such that
Au −Av ≤ f(‖ v − u ‖)(v − u), ∀u, v ∈ E, u ≤ v. (2.1)
Besides, if
for each x, y ∈ E, there exist both inf{x, y} and sup{x, y}. (2.2)
Then A has unique fixed point in E.
Proof. Let u0 ∈ E, we have Au0 ∈ E. So we have the following two cases.
Case I: When u0 is comparable to Au0. Firstly, without loss of generality,
we suppose that
u0 ≤ Au0. (2.3)
If u0 = Au0, then the proof is finished. Suppose that u0 < Au0. Since A is
decreasing we obtain Au0 ≥ A
2u0 and it is easy to prove that A
2 is increasing.
Using the contractive condition (2.1), we have
Au0 −A
2u0 ≤ f(‖ Au0 − u0 ‖)(Au0 − u0) ≤ Au0 − u0. (2.4)
So A2u0 ≥ u0, that is
u0 ≤ A
2u0. (2.5)
From (2.1) and the normality of cone P , we have
‖ Au−Av ‖≤ Nf(‖ v − u ‖) ‖ v − u ‖, ∀u, v ∈ E, u ≤ v, (2.6)
A2v −A2u ≤ f(‖ Au−Av ‖)(Au −Av)
≤ f(‖ Au−Av ‖)f(‖ u− v ‖)(v − u)
≤ f(Nf(‖ u− v ‖) ‖ u− v ‖)f(‖ u− v ‖)(v − u).
Let A2 = B. From (2.5) and the above inequalities we have the following two
conclusions:
(a) There exists a nondecreasing function f : (0,+∞)→ (0, 1) such that
for u, v ∈ E with u ≤ v
Bv −Bu ≤ f(Nf(‖ u− v ‖) ‖ u− v ‖)f(‖ u− v ‖)(v − u), (2.7)
(b) There exists u0 ∈ E such that u0 ≤ Bu0.
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We assert that the operator B has unique fixed point in E. In fact, we
can use the method of iteration to construct the fixed point of B. Consider
the iterative sequence
xn+1 = Bxn, n = 0, 1, 2, · · · . (2.8)
Since x0 ≤ Bx0 and the operator B is increasing, we have
x0 ≤ x1 ≤ · · · ≤ xn≤···. (2.9)
This means that {xn} is an increasing sequence. So
θ ≤ xn+1 − xn
= Bxn −Bxn−1
≤ f(Nf(‖xn − xn−1‖)‖xn − xn−1‖)f(‖xn − xn−1‖)(xn − xn−1).
Since P is normal, from Lemma 1.5 we have
‖xn+1−xn‖1 ≤ f(Nf(M‖xn−xn−1‖1)M‖xn−xn−1‖1)f(M‖xn−xn−1‖1)‖xn−xn−1‖1.
Since f(t) ∈ (0, 1) for all t ≥ 0, so ‖xn+1 − xn‖1 ≤ ‖xn − xn−1‖1, i.e.,
{‖xn − xn−1‖1}(n = 1, 2, · · · ) is a nonnegative decreasing sequence. From f
is increasing we know
f(M‖xn − xn−1‖1) ≤ f(M‖x1 − x0‖1) < 1.
So
‖xn+1−xn‖1 ≤ f(Nf(M‖x1−x0‖1)M‖x1−x0‖1)f(M‖x1−x0‖1)‖xn−xn−1‖1.
Let λ = f(Nf(M‖x1 − x0‖1)M‖x1 − x0‖1)f(M‖x1 − x0‖1), then λ ∈ (0, 1).
So
‖xn+1 − xn‖1 ≤ λ‖xn − xn−1‖1 ≤ ... ≤ λ
n‖x1 − x0‖1.
We can assert that {xn} is a Cauchy sequence in (E, ‖ . ‖). In fact, for any
positive integar n,m,
‖ xn+m − xn ‖1 ≤‖ xn+m − xn+m−1 ‖1 + · · ·+ ‖ xn+1 − xn ‖1
≤ (λn+m−1 + · · ·+ λn) ‖ x1 − x0 ‖1
≤
λn
1− λ
‖ x1 − x0 ‖1 .
It follows in a standard way that {xn} is a Cauchy sequence in E. Since E
is complete, we can suppose that xn → x∗ ∈ E. (2.9) together with Lemma
1.5 implies that
xn ≤ x∗. (2.10)
(2.10), together with (2.7) and the equivalence of ‖ . ‖1 and ‖ . ‖ implies that
‖ Bx∗−Bxn ‖1≤ f(Nf(M‖x∗−xn‖1)M‖x∗−xn‖1)f(M‖x∗−xn‖1)‖x∗−xn‖1.
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So
‖ x∗ −Bx∗ ‖1 ≤‖ x∗ − xn+1 ‖1 + ‖ Bx∗ − xn+1 ‖1
=‖ x∗ − xn+1 ‖1 + ‖ Bx∗ −Bxn ‖1
≤‖ x∗ − xn+1 ‖1
+ f(Nf(M‖x∗ − xn‖1)M‖x∗ − xn‖1)f(M‖x∗ − xn‖1)‖x∗ − xn‖1.
Let n → ∞, we obtain ‖ x∗ − Bx∗ ‖1= 0. So x∗ = Bx∗, i.e., x∗ is a fixed
point of B in E and limn→∞Bxn = limn→∞B
nx0 = Bx∗ = x∗.
Then we will prove the uniqueness of the fixed point. On the contrary,
if x is another fixed point of B, we will get x = x∗. In fact, the first case,
when x is comparable with x0. Without loss of generality, we suppose that
x ≤ x0. Since B is increasing, B
nx ≤ Bnx0. Similar to the proof of the
monotonicity of the sequence {‖xn− xn−1‖1}(n = 1, 2, 3, · · · ), we can obtain
{‖ Bnx−Bnx0 ‖1}(n = 0, 1, 2, · · · ) is also a increasing sequence and
‖ Bnx−Bnx0 ‖1≤ λ1 ‖ B
n−1x−Bn−1x0 ‖1≤ · · · ≤ λ
n
1 ‖ x− x0 ‖1,
in which λ1 = f(Nf(M‖x − x0‖1)M‖x − x0‖1)f(M‖x − x0‖1), then λ1 ∈
(0, 1). Let n→∞, we have
x = lim
n→∞
Bnx = lim
n→∞
Bnx0 = x∗. (2.11)
The second case, when x can not compare with x0. From (2.1), we obtain
x1 = inf{x, x0}, x2 = sup{x, x0} ∈ E satisfying
x1 ≤ x ≤ x2, x1 ≤ x0 ≤ x2
i.e., x is comparable with x1, x2 and x0 is comparable with x1, x2. Since B is
increasing, we know
Bx1 ≤ Bx ≤ Bx2, Bx1 ≤ Bx0 ≤ Bx2,
and for any natural number n
Bnx1 ≤ B
nx ≤ Bnx2, B
nx1 ≤ B
nx0 ≤ B
nx2.
So we know Bnx can compare with Bnx1 and B
nx2. Similarly we can prove
that {‖ Bnxi−B
nx0 ‖1}(n = 0, 1, 2, · · · ) and {‖B
nxi−B
nx‖1}(n = 0, 1, 2, · · · )
are also nonnegative and decreasing sequences(in which B0x = x) and
‖Bnxi −B
nx0‖1 ≤ λ2i‖B
n−1xi −B
n−1x0‖1 ≤ ... ≤ λ
n
2i‖xi − x0‖, (2.12)
‖Bnxi−B
nx‖1 ≤ λ3i‖B
n−1xi−B
n−1x‖1 ≤ ... ≤ λ
n
3i‖xi−x‖, i = 1, 2, (2.13)
in which
λ2i = f(Nf(M‖xi − x0‖1)M‖xi − x0‖1)f(M‖xi − x0‖1),
λ3i = f(Nf(M‖x− xi‖1)M‖x− xi‖1)f(M‖x− xi‖1),
λ2i, λ3i ∈ (0, 1). Let n→∞ in (2.12) and (2.13), we have
lim
n→∞
Bnxi = lim
n→∞
Bnx0 = x∗,
lim
n→∞
Bnxi = lim
n→∞
Bnx = x.
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So
x = x∗. (2.14)
(2.11) together with (2.14) implies that x∗ is unique fixed point of B.
Next we will prove that the unique fixed point of B is also the unique
fixed point of A.
Since
A2x∗ = Bx∗ = x∗,
and
A2(Ax∗) = A(A
2x∗) = Ax∗,
i.e., B(Ax∗) = Ax∗. From the uniqueness of the fixed point of B we know
Ax∗ = x∗. (2.15)
So x∗ is the unique fixed point of A in E.
Case II: Another case, when u0 is not comparable to Au0. From the
assumption (H), we know there exists v0 ∈ E such that inf{Au0, u0} = v0.
That is v0 ≤ Au0, v0 ≤ u0. Since A is a decreasing operator, we have
A2u0 ≤ Av0, Au0 ≤ Av0.
This shows that
v0 ≤ Av0. (2.16)
Similarly as the proof of Case I, we can get that A has unique fixed point in
E. 
3. Applications
In this section, we present two examples where our Theorem can be applied.
Example 1. We consider the self-feedback stability of a signal outlet function
in nonlinear suppressed interference channel. When outlet signals are fed back
to the input process, we want to know whether the final signals are stable. We
suppose that the signal period is 1. We only consider situations in a period.
The signal space is C[0, 1] and the signal output function is(only in the case
of real number)
Au(t) =
1
2pi + u(t)
−
pi2
16
∫ 1
0
(s2 + t2)
1 + u(t)s2
2piM
ds,
M is a positive integer. Let P = {u(t)|u(t) ≥ 0, t ∈ [0, 1]}, then P is a normal
cone in C[0, 1]. The partial order ≤ induced by P is: u ≤ v ⇔ u(t) ≤ v(t)
for all t ∈ [0, 1]. E = C[0, 1] is a partially ordered Banach space. Evidently,
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A is a decreasing operator. For all u(t), v(t) ∈ E satisfying u(t) ≤ v(t), we
obtain that
Au(t)−Av(t) =
1
2pi + u(t)
−
pi2
16
∫ 1
0
(s2 + t2)
1 + u(t)s2
2piM
ds
−
1
2pi + v(t)
+
pi2
16
∫ 1
0
(s2 + t2)
1 + v(t)s2
2piM
ds
=
v(t)− u(t)
(2pi + u(t))(2pi + v(t))
+
pi2
16
∫ 1
0
(s2 + t2)
(v(t)− u(t))s2
2piM
ds
≤
v(t)− u(t)
4pi2
+
pi
60M
(v(t) − u(t))
≤
3
20
(v(t)− u(t)).
When take f(t) = 320 in Theorem 2.1, it is easy to know that the conclusion
of Theorem 2.1 holds, i.e., there is unique u∗ ∈ E such that Au∗ = u∗. This
means that the signal outlet function has self-feedback stability.
Example 2. Now, we study the existence of solution for the following first-
order periodic problem{
u′(t) = F (t, u(t)), t ∈ [0, 1]
u(0) = u(1).
(3.1)
where F : [0, 1]× R→ R is a continuous function.
We consider the space C(I)(I = [0, 1]) of continuous functions defined
on [0, 1]. Obviously, this space with the metric given by
d(x, y) = sup |x(t) − y(t)|, t ∈ I, x, y ∈ C(I)
ia a Banach space. C(I) can be equipped with a partial order induced by a
cone
P = {y − x : y(t)− x(t) ≥ 0, t ∈ I}.
Obviously, P is a normal cone and assume that its normal constant is N. And
the order relation in C(I) induced by P is:
x, y ∈ C(I), x ≤ y ⇔ x(t) ≤ y(t), t ∈ I.
Theorem 3.1. Consider problem (3.1) with F : I × R → R continuous and
suppose that there exists λ > 0 and 0 < α ≤ λN such that for x, y ∈ R with
x ≥ y,
0 ≤ F (t, y) + λy − (F (t, x) + λx) ≤ α(x − y) ln[(1 +
1
x− y
)x−y].
Then there exists unique solution for problem (3.1).
Proof. Problem (3.1) can be written as
u(t) =
∫ 1
0
G(t, s)[F (s, u) + λu(s)]ds,
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where G(t, s) is the Green function given by
G(t, s) =
{
eλ(1+s−t)
eλ−1
, 0 6 s < t 6 1;
eλ(s−t)
eλ−1
, 0 6 t < s 6 .
Define T : C(I)→ C(I)by
(Tu)(t) =
∫ 1
0
G(t, s)[F (s, u) + λu(s)]ds.
Note that if u ∈ C(I) is a fixed point of T then u ∈ C1(I) is a solution of
(3.1).
In what follows, we check that hypotheses of Theorem 2.1 are satisfied.
Clearly, (C(I),≤) satisfies condition (2.2), since for x, y ∈ C(I) the
functions max{x, y},min{x, y} are least upper and greatest lower bounds of
x and y, respectively.
The operator T is decreasing, since for u ≥ v, and using our assumption,
we can obtain
F (t, u) + λu ≤ F (t, v) + λv,
which implies, since G(t, s) > 0, that for t ∈ I,
(Tu)(t) =
∫ 1
0
G(t, s)[F (s, u(s)) + λu(s)]ds
≤
∫ 1
0
G(t, s)[F (s, v(s)) + λv(s)]ds = (Tv)(t),
Besides, for u ≥ v, we have
‖Tu− Tv‖ = sup
t∈I
| (Tu)(t)− (Tv)(t) |
≤ sup
∫ 1
0
G(t, s) | F (s, u(s)) + λu(s)− F (s, v(s))− λv(s) | ds
≤ sup
∫ 1
0
αG(t, s)(u − v) ln[(1 +
1
u− v
)u−v]ds
≤ α‖u− v‖f(‖u− v‖) sup
∫ 1
0
G(t, s)ds
= α‖u− v‖f(‖u− v‖) sup
t∈I
1
eλ − 1
[
1
λ
eλ(1+s−t)|t0 +
1
λ
eλ(s−t)|1t ]
= α‖u− v‖f(‖u− v‖)
1
λ(eλ − 1)
(eλ − 1)
= α‖u− v‖f(‖u− v‖)
1
λ
≤ Nf(‖u− v‖)‖u− v‖.
This implies that T satisfies condition (2.6) which can be used to prove the
uniqueness of solution. And (2.6) is deduced by (2.1).
In the above inequalities we choose f(t) = t ln(1+ 1
t
). It is easy to prove
that f(t) is increasing and f(t) : (0,+∞)→ (0, 1).
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Finally, Theorem 2.1 gives that T has an unique fixed point. 
Competing Interests
The authors declare that they have no competing interests.
Authors’ Contributions
J. Mao proved main Theorems. Z. Zhao gave the application of the manu-
script. All authors read and approved the manuscript.
Acknowledgment
The authors would like to thank the referee for his/her careful reading and
valuable suggestions.
References
[1] D. J. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones. Aca-
demic Press, 1988.
[2] D. J. Guo, J. X. Sun, and Z. L. Liu, The Functional Methods in Nonlinear
Differential Equation. Shandong Technical and Science Press, 2006.
[3] D. Guo, Y.J. Cho and J. Zhu, Partial Ordering Methods in Nonlinear Problems,
Nova Science Publ. New York, 2004.
[4] M.A. Krasnosel’skii, P.P.Zabreiko Geometrical Methods in Nonlinear Analysis,
Springer, 1984.
[5] M.A. Krasnosel’skii, Positive Solutions of Operator Equations, Noordhoff,
Groningen, The Netherlands, 1964.
[6] E. De Pascale, G. Marino and P. Pietromala, The use of the E-metric spaces in
the search for fixed points, Le Mathematiche, 48 (1993), 367-376, 1993.
[7] P.P. Zabreiko, K-metric and K-normed linear spaces: survey, Collect. Math., 48
(1997), 825-859.
[8] J. J. Nieto, R. Rodrguez-Lpez, Existence and uniqueness of fixed point in par-
tially ordered sets and applications to ordinary differential equations. Acta Math.
Sini. English Series, 23 (2007), 2205-2212.
[9] J. J. Nieto, R. L. Pouso, and R. Rodrguez-Lpez, Fixed point theorems in ordered
abstract spaces. Proc. Amer. Math. Soc. 135 (2007), 2505-2517.
[10] D. O Regan, A. Petrusel, Fixed point theorems for generalized contractions in
ordered metric spaces. J. Math. Anal. Appl. 341 (2008), 1241-1252.
[11] M. Borkowski, D. Bugajewski, and M. Zima, On some fixed point theorems
for generalized contractions and their perturbations. J. Math.Anal. Appl. 367
(2010), 464-475.
[12] Z. Q. Zhao, J. X. Mao, Fixed Points of Some Dyadic Operators in Ordered
Banach Spaces and Its Applications. Acta Math. Sini. Chinese series, 57 (2014),
1-8.
[13] Z. Q. Zhao, J. X. Mao, Generalization and improvement of fixed point theorems
for semi-closed 1-set-contraction operators. J. Sys.Sci. Math. Scis. 34 (2014),
724-733.
10 Jinxiu Mao and Zengqin Zhao
[14] J. X. Mao, Z. Q. Zhao, The existence and uniqueness of positive solutions
for integral boundary value problems. Bull. Malays. Math. Sci. Soc. 34 (2011),
153164.
[15] J. X. Mao, Z. Q. Zhao, On existence and uniqueness of positive solutions for
integral boundary boundary value problems. Electronic Journal of Qualitative
Theory of Differential Equations, 16 (2010), 1-8.
[16] G. Auchmuty and Q. Han, p-Laplacian boundary value problems on exterior
regions. Journal of Mathematical Analysis and Applications, 417 (2014), 260-
271.
[17] Q. Han, Positive solutions of elliptic problems involving both critical Sobolev
nonlinearities on exterior regions. Monatshefte fr Mathematik, 176 (2015), 107-
141.
[18] Q. Han, Addendum To: Positive solutions of elliptic problems involving both
critical Sobolev nonlinearities on exterior regions.Monatshefte fr Mathematik,
177 (2015), 325-327.
[19] J. Harjani, K. Sadarangani, Fixed point theorems for weakly contractive map-
pings in partially ordered sets, Nonlinear Anal. 71 (2009), 3403-3410.
[20] A. Amini-Harandi, H. Emami, A fixed point theorem for contraction type maps
in partially ordered metric spaces and application to ordinary differential equa-
tions, Nonlinear Anal. 72 (2010), 2238-2242.
[21] M. Geraghty, On contractive mappings, Proc. Amer. Math. Soc. 40 (1973)
604-608.
[22] Sh. Rezapour, R. Hamlbarani, Some notes on the paper ”Cone metric spaces
and fixed point theorems of contractive mappings”, J. Math. Anal. Appl. 345
(2008) 719-724.
Jinxiu Mao
Department of Mathematics, Qufu Normal University, Qufu, Shandong, 273165, P.
R. of China
e-mail: maojinxiu1982@163.com
Zengqin Zhao
School of Mathematics, Qufu Normal University, Qufu, Shandong, 273165, P. R. of
China
e-mail: zqzhaoy@163.com
